Abstract-In this paper we introduce a new class of controlled invariant sets, called controllable invariant sets. Intuitively, a controllable invariant set has the property that from any "large enough" connected region of the set it is possible to reach any such other region of the set, regardless of disturbances. Disturbances are assumed to be bounded. The range of the control inputs is assumed to be given and is allowed to be bounded. The main result of the paper is a nonrecursive approach for the computation of controllable invariants. The other results of the paper deal with properties of the proposed method and of controllable invariance. The results of the paper assume hybrid system modes with linear discrete-time dynamics.
I. INTRODUCTION
Controlled invariant sets have been used in the hybrid systems literature for the solution to the safety problem (e.g.
[7]). This paper introduces a new class of controlled invariant sets, called controllable invariant sets. The context is that of mode dynamics of hybrid systems with control inputs and bounded disturbances. The controllable invariant sets are defined as follows. Given a closed neighborhood of the origin n, let n, denote the neighborhood R around x (i.e. R, = {y : y -x E R}). Then J is a controllable invariant set if R, is a controlled invariant at all points x of J , and for all points x1 and 2 2 of J it is possible to reach R,, from any point of R,, , regardless of disturbances.
Thus, this definition implies a certain reversibility, meaning that as long as we keep the state within J, it is always possible to r e m it to the initial condition (i.e., initial neighborhood). Such a reversibility fits most engineering systems. Note that in general the controllable invariant sets are proper subsets of a maximum controlled invariant set.
In practice, one factor that may cause a controlled invariant set to be not controllable is the bounded range of the control inputs.
In this paper we approach the computation of the con- [2] . Note that some model uncertainties could be incorporated in this framework [6] . To our knowledge, the entire material of this paper is new.
The paper is organized as follows. After presenting our notation and definitions in section 11, a motivation is presented in section 111. The motivation shows the relevance of the controllable invariant sets to a hybrid system abstraction problem. Then, the computation is approached in section IV. The approach is formally proved in the same section. Section IV includes also an investigation of the properties of the computational approach and of the controllable invariant sets, in general.
11. DEFINITIONS This is our notation. Given a hybrid system of set of modes Q, we denote by "Jq) the invariant set ofthe mode q E Q. Also, let X denote the domain of the continuous state variable x . In this paper we assume that the dynamics of each mode q can be described by
where U is the control input and d is the disturbance, which will be assumed bounded. For each mode q. we define the following
+ 1) = A ( q ) z ( t ) + B ( M t ) + E(q)d(t)
.
The operator Pre represents the predecessor operator.
That is, P r e ( M ) is the set of continuous states from which M can be robustly reached. In other words, V z u E P r e ( M ) there is a control policy (which may depend on 20) which, no matter of disturbances, leads the continuous state x from xo to some xf E M . I Inv(q) is a controlled invariant set if for all x E I there is an admissible control law such that for all subsequent times t: z(t) E I, regardless of the disturbance input.
Let Reach : X + P ( P ( X ) ) , where for M c X we have M E Reach(z) if it is possible to robustly reach M starting from x (i.e. no matter of disturbances, it is possible to reach M from 2.) ' In other words Reach(%) is the collection of sets M with the property that it is possible to robustly reach M from x.
In this paper, we introduce the following class of controlled invariant sets, that we call controllable invariant sets.
Let no denote the interior of R. Definition 2.1 Given a set R c Rn, let R, = { z E R" : 3y E R, t = y + x } . For some q E Q we say that I C Inu(q) is a controllable invariant set f a connected compact set Cl c R" exists such that 0 E no and 
1) Vz
E I: R, is a controlled invariant set 3) Vz1,zz E 1, Vz E Rz,; R,, E Reach(z). 2) U R, c Inv(q) =er
MOTIVATION
The ability to move between any desirable setpoints is clearly an interesting benefit of the controllable invariant sets. In this section we show that the controllable invariant sets can be useful also in the discrete-event (DE) abstraction of hybrid systems.
Given (Q, Edg), the state machine of a hybrid automaton with time-invariant mode-dynamics, consider the abstractions (Q', Edg') with the following property. There are maps U : Q' -+ Q and x : Q' --t X , such that if (q;,q;) E Edg' is a controllable transition, then Vzl E x(q:), there is a control law yielding a trajectory from (ql,zl,O) to ( q 2 , z 2 , t z ) for some z2 E x(q;) and time t 2 2 0, regardless of disturbances, and at all intermediary states (q,z,t), 0 5 t < t z , it is true that q = q1 and z E x ( q ; ) . Note that q1 and 92 denote u(q;) and u(q;), respectively.
A process by which such abstractions could be found is not presented in this paper. However, note two favorable situations an abstraction process should take advantage of. First, we define for every mode q E Q the following sets:
where Safe(q) is the set specifying the safety specification for the mode q (that is, Inv(q) \ S a f e ( q ) is the forbidden state set of the mode q.)
Safe(q) denote the continuous states for which there is an input leading the system from q to q', no matter of disturbances. (iii) Let I, be the set of continuous states in which the mode q may be entered from the modes qc such that (qcv 9) E Edg. (iv) Let's write q' E q --t if q and q' satisfy (q, q') E Edg. Note that the set I, could be reduced by an appropriate 
t).
This situation is illustrated in Figure 2 , together with the DE abstraction of the mode. Again, once we have the sets Ip and O,,,,, we are interested to compute a controllable invariant set J, satisfying (a') and (c'). This can be achieved by computing a maximal controllable invariant set satisfying (a'). Then, if (c') is not satisfied and J , is maximal no solution to (a'-c') exists, but if (b') is not satisfied, we may still be able to reduce the set I,.
Note that the conditions (a'-c') are a variant of (a-c). Indeed, by the definition of the controllable invariant set, (c') implies J , Pre(O,,,,). Thus J, C n Pre(Oq-qc).
Further, every controllable invariant set is a controlled invariant set. (However, the converse is not true.) The (a'-c') variant may be computationally advantageous when it is not easy to compute Pre(O,-,t); then we do not need to compute the whole sets Pre(O,+,r), but only to show that they intersect J, as shown at (c'). This quality may be of interest especially in the discrete-time case, in which the computation of the predecessor operator is iterative and may U 0% c I n 4 d n Safe(q).
Z € &
,'E,-not terminate. Note also that here the controllable invariant set is computed first, and then the predecessor sets. On the other hand, in the previous situation the maximal controlled invariant set was computed only after the computation of the predecessor sets.
IV. COMPUTATION A. The Infuifion
Considering a system of dynamics
if the system is stabilizable, there is a state feedback controller U = K x such that the system is stable. Furthermore, for each U = K x + r, where T is a constant, there is a point x* to which (in the absence of disturbances) the state converges. Intuitively it is clear that there is a region of attraction around X I , such that no matter of the disturbances (which are assumed to be bounded), that region is invariant for the given T . Furthermore, if each such point z* has a region of attraction, the state x can be moved from one region to another. Indeed, if x is in the region of ( z i ,~~) ,
by applying the control U = K x + T Z we can move it to the region of ( z ; , T z ) . Also, in order to keep the control U = K x + T within its admissible domain U , we can "slowly" change T from T I to T Z . Therefore, the controllable invariant set would correspond to the points x*. While linear state feedback was used in this illustration, we are not going to refer to it in what follows. We consider a more general state feedback solution.
B. The Computation
We consider the dynamics of equation (2) To satisfy (6) for all given, the following constraint is obtained:
, 61, where 6 E Rn, 6 2 0, is
Note that (7) describes the set of points x ; such that 0,; is a controlled invariant and from all points x E R,; it is possible to reach any 0,; with iz; -x ; I 5 6 in one time step. Obviously, we would like this set of points zi to be as large as possible. At the same time, we are also interested in having the sets R,. as small as possible (i.e., b as small as possible). In view of (3) the minimum value of b is:
On the other hand, the minimum value of 6 is 0. From (7) with 6 = 0 we derive the controllable invariant set
Nofe fhaf < denofes sfricf inequaliry on all elemenfs. fhaf is, y < z + y; < t i for all indices i. We see that there is no solution unless laid0 < uo or la1 < 1. Once these conditions are satisfied, the controllable invariant is given by:
The following results establish properties of the controllable invariant sets computed this way. Notably, we prove that (9) describes a controllable invariant set and that, with the possible exception of (some of) its boundaty, it coincides with the maximal controllable invariant set with R = {z : 1 2 1 5 b}. For the moment, we assume that in Definition 2.1 Inu(q) = R".
where the notation of (7) Since Gx + Hb + Mz' 5 g is the projection of
A x + B u + d + 5 x'+b
that removes the variable U E U, it follows that there is U E U such that when x ( t ) = z E Rz., Vd E 'D: %(ti-1) E R,. .
"e" If R,. is a controlled invariant, then (3) is satisfied for z: = z; = z'. This is also true of (4) and (6) with / 3 = 0. So the conclusion follows. 
7.
Note that J is the interior of 7. So J is a very tight approximation of the optimum.
The computation of the set J has been done assuming Inv(q) = R". In the general case, a controllable invariant set can be computed as follows. Let
0, C Inv(q)}. Assuming W to be connected, note that a controllable invariant set is JO = J n W . This construction ensures that regardless of the current state I, as long as
Note that the computation of the controllable invariant sets J is not recursive (there are no iterations, and so no termination issues). In contrast, the computation of the maximal controlled invariant sets is recursive [3] , [IO] . Since controllable invariants are also controlled invariants, we could use the approach of this section for a nonrecursive computation of controlled invariants. However, if we are only interested in the computation of controlled invariants, a better (larger) controlled invariant than J and its closure J can be obtained by eliminating b from (G+M)x+(lGI+ H)b 5 g via FME.
A question to be addressed is what happens in OUI approach when no nonempty controllable invariant set exists. This result has the weakness that the class of nonempty controllable invariants include the singletons I = {z} such that R, is a controlled invariant. Future work is to find conditions in terms of nontrivial controllable invariants, where a controllable invariant set is nontrivial if containing more than one element. The relation between controllability and the existence of nonempty controllable invariant sets is also of interest. First we show that controllability is neither sufficient nor necessary. Clearly, the system is not controllable, as U has no effect on z'.
'(t). It follows that
if I is a controllable invariant of set R for the system (lo), a controllable invariant for our system is I' = I x {0} of set s1 x 0'. Moreover, nonempty controllable invariants I of set R = {z : lzl 5 b} can be constructed, as shown in The fact that controllability is neither sufficient nor necessary may be surprising. Intuitively, nonsufficiency results from the fact that large enough disturbances can render controllability ineffective. On the other hand, in case of partial controllability, a controllable invariant set may be the Cartesian product of the origin and of a portion of t the subspace of the state space that can be affected by the control input. Naturally, this would suggest the uncontrollable part of the system should be stable. The next results shows that under common circumstances the existence of a nonempty controllable invariant requires the uncontrollable eigenvalues of the system ( A , B ) to be in or on the unity circle. Recall, the pair ( A , B ) can be transformed by a similarity transformation to (A,B) such that and ( A l , B1) is controllable [l] . Thus, the eigenvalues of A2 are called the uncontrollable eigenvalues of ( A , B ) . V. CONCLUSIONS This paper has introduced the controllable invariant sets, as a subclass of the controlled invariant sets. A nearly optimal method for the computation of the controllable invariant sets has been proposed. The computation approach assumes linear discrete-time dynamics with hounded disturbances.
This approach is very dissimilar to the approaches used for the computation of controlled invariant sets in that it involves no iterations, and so has guaranteed termination. Extensions to classes of nonlinear dynamics are possible, and may be considered in the future work.
